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Let L be an extension of degree m of the field Fy. Let y be the canon-
ical additive character of L. The Fourier coefficient of the polynomial

~

f(X) € L[X] at the point a € L is defined by f(a) = Y, o pu(f(z) + a.z).

~

The spectral magnitude of f, R(f) := SUPgeFm |f(a)|, is one of the most im-
portant cryptographic parameters associated to f [10]. The determination
of the spectral magnitude of power functions z +— z° is an old open problem
from different frameworks [5, 9] : two zeros cyclic codes (Kasami, Charpin),
correlation of sequences (Gold, Niho, Welch) and boolean functions (Can-
teaut, Dobbertin). The main questions are : what is the spectral magnitude,
say L(s, m) of the power function z + z*, what is the minimal value L(m) of
the L(s,m) and what are the good exponents s such that L(s,m) = L(m) ?
Most of the papers on the subject use McEliece’s theorem on the divisibility
of weight of cyclic codes whose the proof [2, 3, 6] is very similar to those
of the Ax ’s theorem on the divisibility of the number of zeros of algebraic
equations [8]. Here we apply Stickelberger’s congruences on Gauss sums [7]
to explore the non-linearity of power functions.

Conjecture 1 (Welch). If m is even then L(m) = 2(m+2)/2,

Let m be an odd integer. By Sidelnikov, we know that L(m) = 2(m+1)/2,
The set of good exponents is closed under the action of the group generated
by the transformations s — s~! and s — 2s modulo ¢ — 1. We say that two
exponents are equivalent if they are in the same orbit. Up to equivalence,
all the known good exponents are summarized in the table (1). They share
out in four class and usually one conjectures that all the good exponents
are known. The Stickelberger’s congruences on Gauss sums suggests the
introduction of the mapping

Vi S(=j) + (/)

|| type | s | condition | proof | date |
Gold 2k 11 (k,m) =11 folklore | 1968
Kasami 22k 2k 11 (k,m) =1 | Kasami. | 1971
Welch 2+ 3 DCC(t) | 1999

Niho 2t 4 o(m-1)/4 _1
Niho ot 4 o(B3m=1)/4 _q

TABLE 1. Good exponents, (f)Canteaut, Charpin,
Dobbertin, (1) Dobbertin, Hollmann, Xiang.
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where S(k) denotes the sum of the bits of & mod ¢ — 1 when j ranges
[0,¢ — 2]. In particular, we introduce the following notations

Wo= amin V(i) Jo={j|V(j) =W Ps(X)zg;‘Xﬂ-
J s

Proposition 1. The Fourier coefficients of z° have a dyadic valuation greater
or equal to Ws. Moreover, the multiplicative isomorphism a — a = x(a®)
mod 2 shows that f(a) =0 mod 2"s*! & P(a) = 0.

Theorem 1. If Wy = ™ and Py(X) has 2™ ! roots in L then s is a good
exponent.

Corollary 1. If W, = mTH and Zjer X7 is a permutation polynomial then
s is a good exponent.

The corollary gives a strategy to eventually find new good exponents.
Indeed it suffice for example to look for among the s such that J; reduces
to a single cyclotomic class. On the basis of numerical experiments :

Conjecture 2. An integer s has Gold type if and only if Ws =t + 1 and
Jo={1,2,...,2m 1}
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