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M uch has  been  said  of  the  affini ty 
b e t w e e n  ma thema t i c s  and  chess:  

two  d o m a i n s  of human  thought  w h e r e  
very  l imi ted  sets  of  ru les  y ie ld  inex-  
haus t ib le  depths,  chal lenges ,  f rus t ra-  
t ions  and  beauty.  Both f ie lds  suppo r t  a 
vene rab l e  and  burgeoning  t echn ica l  lit- 
e r a tu re  a n d  a t t rac t  much  more  than  
the i r  sha re  of child prodigies .  F o r  all 
that ,  the  in te rsec t ion  of  the  two do- 
ma ins  is no t  large. While chess  and  
m a t h e m a t i c s  may favor  s imi lar  mind-  
sets ,  t he re  are few p l a c e s  where  a 
ches s  p l a y e r  or  ana lys t  can  benef i t  
f rom a specif ic  ma thema t i ca l  idea,  
such  as  the  symmet l7  of  the  b o a r d  and  
o f  mos t  p i eces '  moves  (see  for  ins tance  
[24]) or  the  combina tor ia l  game  theory  
o f  Ber l ekamp,  Conway, and  Guy (as in 
[4]). Still, when  ma thema t i c s  does  f ind 
app l i c a t i ons  in chess,  s t r ik ing  and in- 
s t ruc t ive  resul ts  often arise.  

I n t r o d u c t i o n  
This a r t ic le  shows severa l  ma themat i -  
cal  app l i ca t ions  that  fea ture  the  knight  
and  its charac te r i s t i c  (2,1) leap. It is 
b a s e d  on por t ions  of  a b o o k  ten ta t ive ly  
t i t led  Chess and Mathematics, cur- 
ren t ly  in p repa ra t ion  by  the  two  au- 
t ho r s  of  th is  article, wh ich  will  cove r  
all  a s p e c t s  o f  the in te rac t ions  b e t w e e n  
ches s  and  mathemat ics .  Mathemat i -  
cally,  the  choice  of  (2,1) and  of  the  8 • 
8 b o a r d  m a y  seem to be  a spec ia l  case  
o f  no pa r t i cu l a r  interest ,  and  indeed  we  
shal l  on occas ion  indica te  var ia t ions  
and  genera l iza t ions  involving o the r  
l eap  p a r a m e t e r s  and  b o a r d  sizes. But 
long expe r i ence  po in ts  to the  s t a n d a r d  
knight ' s  m o v e  and c h e s s b o a r d  size as  
fe l ic i tous  choices  not  only  for  the  game  
o f  chess  bu t  also for  puzzles  and  prob-  
l ems  involving the b o a r d  and  pieces ,  in- 
c luding  severa l  of  our  examples .  

We will  begin  by concen t ra t ing  on  
puzz les  such  as the knight ' s  tour.  Many 
o f  these  are  c lear ly  m a t h e m a t i c a l  p rob-  
l ems  in a very  thin d isguise  (for in- 
s tance ,  a c losed  knight ' s  t ou r  is a 
Hami l ton i an  circuit  on a ce r ta in  g raph  
~) ,  and  can  be  solved or  a t  l eas t  be t t e r  

u n d e r s t o o d  us ing  the  t e r m i n o l o g y  and 
t echn iques  o f  combina to r i c s .  We also 
re la te  a few of  these  i deas  wi th  pract i -  
cal  e n d g a m e  techn ique  ( see  Diagrams 
lff., 10, 11). 

The l a t t e r  ha l f  o f  the  ar t ic le  shows  
s o m e  r e m a r k a b l e  ches s  p r o b l e m s  fea- 
tur ing  the  knight  or  knights .  Most  
"pract ica l"  ches s  p l a ye r s  have  l i t t le pa-  
t i ence  for  the  ar t  of  ches s  p rob lems ,  
wh ich  has  evolved  a long w a y  from its 
or igins  in ins t ruc t ive  exerc i ses .  But the  
s a m e  formal  c o n c e r n s  tha t  m a y  de t e r  
the  over - the -board  p l a y e r  give some  
p r o b l e m s  a pa r t i cu l a r  appea l  to  math-  
emat ic ians .  F o r  ins tance ,  we  will 
exhib i t  a pos i t ion ,  c o n s t r u c t e d  by  
P. O 'Shea  and  pub l i shed  in 1989, where  
White,  wi th  on ly  king and  knight,  has  
j u s t  one  w a y  to force  ma te  in 48 (the 
cu r ren t  record) .  We a lso  show the 
longes t  k n o w n  legal  game  o f  chess  that  
is d e t e r m i n e d  c o m p l e t e l y  by  its las t  
move  (d i s cove red  by  R0s le r  in 1 9 9 4 ) -  
wh ich  h a p p e n s  to be  c h e c k m a t e  by  
p r o m o t i o n  to  a knight.  

Algebraic notation 
We a s s u m e  tha t  the  r e a d e r  is famil iar  
wi th  the  ru les  o f  chess,  bu t  we  a s sume  
ve ry  l i t t le k n o w l e d g e  of  chess  s trategy.  
(The r e a d e r  w h o  knows,  or  is will ing 
to a c c e p t  as  intui t ively  obvious,  that  
k ing and queen  win aga ins t  king, or  
even  aga ins t  k ing and knight  if there  is 
no i m m e d i a t e  draw,  will  have no  diffi- 
cul ty  fo l lowing the analys is . )  The 
r e a d e r  will, however ,  have  to  fo l low 
the  no t a t i on  for  chess  moves ,  e i ther  by  
visual iz ing the  moves  on  the  d iagram 
or  by  se t t ing  up the p o s i t i o n  on the 
board .  Severa l  no ta t ion  sy s t ems  have 
been  used;  the  mos t  c o m m o n  one 
nowadays ,  and  the  one w e  use  here,  is 
"a lgebra ic  nota t ion ,"  so ca l led  because  
of  the  c o o r d i n a t e  sys tem used  to  name 
the  squares  o f  the  board .  In the  re- 
main ing  p a r a g r a p h s  of  th is  in t roduc-  
to ry  s ec t ion  we  outl ine this  no ta t ion  
sys tem.  Re a de r s  a l r eady  f luent  in alge- 
b ra ic  no t a t i on  m a y  safe ly  sk ip  to the 
nex t  sect ion,  A Chess  Endgame.  
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Each square  on  the 8 x 8 board is 
uniquely de t e rmined  by its row and 

column,  called "rank" and  "file" re- 
spectively. The ranks  are numbered  
from 1 to 8, the files n a m e d  by letters 
a through h. In the initial  array, ranks 
1 and 2 are occup ied  by White 's  pieces 
and pawns,  r anks  8 and  7 by Black's; 
both  queens  are on  the d-file, and  both 
kings on the e-file. Thus, v iewed from 

whi te ' s  side of the boa rd  (as are all the 
diagrams in this article),  the ranks  are 
n u m b e r e d  front bo t tom to top, the files 
from left to right. We n a m e  a square by 
its co lumn fol lowed by the row; for in- 
stance,  the White king in Diagram 1 be- 

low is at d2. Each of the six kinds of 
chessmen  is refer red  to by a single let- 
ter, usual ly its initial: K, Q, R, B, P are 
king, queen, rook, bishop,  and  pawn 
(often lowercase  p is seen  for pawn).  
We cannot  use the initial  let ter  for the 
knight because  K is a l ready the king, 
so we use its phone t ic  initial, N for 
kNight. For  ins tance,  Diagram 1 can be 
described as: White Kd2, Black Kal, 
Nf2, Pa2, Pc2. 

To nota te  a chess  move  we name  the 
piece and its des t ina t ion  square, inter- 
polat ing "x"  if the move  is a capture. 
For  pawn moves  the P is usual ly  sup- 
pressed; for p a w n  captures,  it is re- 
placed by the p a w n ' s  file. Thus  in Dia- 
grain 11, Black 's  p a w n  moves  are 
nota ted a2 and  a • b2 ra ther  than  Pa2 
and P • b2. We follow a move  by "+" 
if it gives check, and  by 'T' or  "?" if we 
regard it as par t icular ly  s t rong or weak. 

In some cases 'T' is used  to indicate a 
thematic move,  i.e., a move  that  is es- 
sential  to the "theme" or ma in  point  of 
the problem. 

As an aid to fol lowing the analysis, 
moves are n u m b e r e d  consecutively,  
from the s tar t  of  the game or from the 
diagram. For  ins tance ,  we shall  begin 
the d iscuss ion of Diagram 1 by con- 
sidering the poss ibi l i ty  1.KXc2 Nd3!. 
Here "1" indica tes  that  these  are 
White's and Black 's  first moves  from 
the diagram; "K• m e a n s  that  the 
White king cap tu res  the un i t  on  c2; and 

"Nd3!" means  that  the Black knight 
moves to the u n o c c u p i e d  square d3, 
and that  this is regarded  as a s trong 
move (the po in t  here  be ing  that  Black 
prevents  2.Kcl even  at  the cost  of let- 
ting White cap ture  the knight),  w h e n  

analysis  begins with a Black move, we 
use " . . . " to r ep resen t  the previous  
White move; thus "1 . . . Nd3!" is the 
same first Black move. 

A few further  re f inements  are 

needed to subsume  p romot ion  and  
castling, and  to ensu re  that  every move  
is uniquely specified by its notat ion.  
For instance,  if Black were  to move  
first in Diagram 1 and  p romoted  his c2- 
pawn to a queen  (giving check),  we 
would  write this as 1 . . .  c l Q + ,  or more  
likely 1 . . . c l Q + ? ,  because  we shall 

see that  after 2 . K x c l  White can draw. 
Short and long cast l ing are no ta ted  0-0 
and 0-0-0 respectively. If the piece and  
des t inat ion square do not  specify the 
move uniquely, we also give the de- 
par ture  square 's  file, rank, or both. An 
extreme example:  Starting from Dia- 

gram 9, "Nbl" uniquely  specifies a 
move of the c3 knight. But to move it 
to d5 we would wri te  "Ncdh" (because  
other knights on the b- and  f-files could 
also reach dh); to a4, "N3a4" (not  
"Nca4" because  of the knight  on c5); 
and to e4, "Nc3e4" (why?). 

A C h e s s  E n d g a m e  

We begin by analyzing a relatively sim- 
ple chess pos i t ion  (Diagram 1). This 
may look like an endgame from actual  
play, bu t  is a composed  p o s i t i o n - - a n  
"endgame s tudy" - - c rea t ed  (by NDE) 
to bring the key point  into sharper  
focus. 

Diagram 1 

White to move 

White, reduced  to bare  king, can  do 
no bet ter  than draw, and  even that  with 
difficulty: Black will surely win if ei ther  

pawn  safely p romotes  to a queen. A 

na tu ra l  try is 1.KXc2, e l iminat ing  one  
p a w n  and  impr isoning  two of Black 's  
r emain ing  three  me n  in the corner .  But 
1 . . . Nd3! breaks  the b lockade  (Dia- 
gram 2a). Black threa tens  no th ing  bu t  

cont ro ls  the key square el .  The rules  
of chess  do no t  allow White to pass  the 
move; unab le  to go to el ,  the king mus t  
move  e lsewhere  and release Black 's  
men.  After 2.K• d3 (or any o ther  move)  
K b l  fol lowed by 3 . . .  a lQ,  Black wins  

easily. 

Diagram 2a 

Diagram 2b 

Return ing  to Diagram 1, let us try in- 

s tead  1.Kcl! This still locks in the Black 
Kal  and  Pa2, and  prepares  to capture  
the Pc2 nex t  move, for ins tance  1 . . .  
Nd3+  2.K• arriving at Diagram 2a 
wi th  Black to move. White has  in effect 

succeeded  in passing the move  to 
Black by taking a detour  f rom d2 to c2. 
Now it is Black who canno t  pass,  and  
any  move  res tores  the White king 's  ac- 
cess  to el .  For  instance,  play may  con- 
t inue  2 . . .  Nb4+  3.Kcl, reaching  Dia- 
gram 2b. Black is still bot t led  up. If it 
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were  White  to move  in D iag ram 2b, 
White  wou ld  have  to  r e l ea se  B lack  wi th  
K d l  or  Kd2 and  lose; bu t  aga in  Black  
m u s t  move  and  a l low Whi te  b a c k  to c2, 
for  ins tance  3 . . .  N d 3 +  4.Kc2 and  we  
a re  b a c k  at  Diagram 2a. 

So w h i t e  does  d r a w - - a t  l eas t  if  
Black  obl ig ingly  shu t t l es  the  kn ight  be-  
t w e e n  d3 and  b4 to  m a t c h  the  w h i t e  
k ing 's  osc i l l a t ions  b e t w e e n  c l  and  c2. 
But wha t  if Black  t r ies  to  i m p r o v e  on 
this?  While the  king is l imi ted  to  t hose  
two  squares ,  the  knight  can  r o a m  over  
a lmos t  the  ent i re  board .  F o r  ins tance ,  
f rom Diagram 2a Black  migh t  br ing  the  
knight  to the  far  c o r n e r  in m moves ,  
reach ing  a pos i t i on  such  as  Diagram 
3a, and  then  b a c k  to  d3 in n moves .  If  
m + n is odd,  t hen  Black  will  win  s ince  
it will  be  Whi te ' s  tu rn  to  move .  In s t ead  
of  d3, Black  can  a im for  b3 o r  e2, wh ich  
a lso  con t ro l  c l ;  bu t  e ach  o f  t h e s e  is two  
knight  m o v e s  a w a y  f rom d3, so  w e  get  
an  equivalent  pa r i ty  condi t ion .  Alter-  
nat ively,  Black  might  t ry  to  r e a c h  b4 
f rom d3 in an  even n u m b e r  o f  moves ,  

Diagram 3a 

~///////z 

% 

Diagram 3b 

White to move 

to r each  Diagram 2b with  White to 
move;  and  again Black could  a im for 
ano the r  square  tha t  con t ro l s  c2. But 
each  of  t h e s e  squares  is one or  three  
knight  m o v e s  away  from d3, so again 
wou ld  yie ld  a c losed  pa th  of  odd  length 
th rough  d3. 

Can Black  thus  pass  the  move  back  
to  White? F o r  that  mat ter ,  wha t  should  
White  do in Diagram 3b? Does  e i ther  
Kc l  or  K •  draw, or  is White  lost  re- 
ga rd less  of  this  choice?  

The o u t c o m e  of  Diagram 2a thus  
h inges  on the  a n s w e r  to the  fol lowing 
p r o b l e m  in graph  theory:  

Let ~5 = ~s,s be the graph whose ver- 
tices are the 64 squares of  the 8 • 8 
chessboard and whose edges are the 
pa irs  of  squares jo ined  by a knight's 
move. Does ~ have a cycle of  odd 
length through d3? 

Likewise  Whi te ' s  init ial  move  in Dia- 
g ram 3b and  the ou t c ome  of  this  
endgame  c o m e s  down  to the  re la ted  
ques t ion  conce rn ing  the same  graph ~5: 

What are the possible parit ies of  lengths 
of  paths on ~ f rom  h8 to c l  or c2? 

The a n s w e r s  resul t  f rom the fol lowing 
bas i c  p rope r t i e s  of  ~5: 

LEMMA. (i) The graph ~ is connected. 
( i i )  The graph is bipartite, the two 
parts  compr is ing  the 32 light squares 

and 32 dark squares of  the chess- 
board. 

Proof'. Par t  (i) is j u s t  the  famil iar  fact  
tha t  a kn ight  can get  f rom any square  
on the  c h e s s b o a r d  to  any o the r  square.  
Par t  (ii) a moun t s  to the  obse rva t ion  
tha t  every  knight  move  connec t s  a light 
and  a da rk  square.  

COROLLARIES. (1) There are no knight 

cycles o f  odd length on the chessboard. 
(2) Two squares of  the same color are 
connected by knight-move paths oj 
even length but not of  odd length; two 
squares o f  opposite color are con- 
nected by knight-move paths of  odd 
length but not by paths of  even length. 

We thus  answer  our  chess  ques- 
t ions:  White  d raws  bo th  Diagram 1 and  
Diagram 3b by  s tar t ing with  Kcl .  More 
general ly,  for  any init ial  pos i t ion  of  the  
Black  knight ,  White c hoose s  b e t w e e n  
c l  and  c2 b y  moving to the  square  of  

the  s a m e  co lo r  as  the  one  o c c u p i e d  by  
the  knight .  

REMARK. Our  ana lys i s  wou ld  r e a c h  the  
s a m e  c o n c l u s i o n s  if the  Black  p a w n  on 
c2 w e r e  r e m o v e d  f rom Diagrams 1 and  
3b; w e  inc luded  this  super f luous  p a w n  
only  as  ba i t  to  m a k e  the wrong  cho ice  
of  c2 m o r e  tempt ing .  

P u z z l e  1. Fo r  which  rectangular  boards  
(if  any)  does  pa r t  (i) o r  (ii) of  the  
L e m m a  fail? That  is, which  ~5~,,,~ a re  no t  
connec t ed ,  or  no t  b ipar t i te?  (All puz-  
zles and  all  d i ag rams  not  exp l i ca t ed  in 
the  t ex t  have  so lu t ions  at  the  end o f  
th is  ar t ic le . )  

K n i g h t ' s  T o u r s  a n d  t h e  
T h i r t y - T w o  K n i g h t s  
The g raph  ~5 a r i ses  of ten in p r o b l e m s  
and  puzz les  involving knights.  F o r  in- 
s tance ,  the  pe renn ia l  knight ' s  t ou r  puz-  
zle a sks  in ef fec t  for  a Hami l ton ian  
p a t h  on  ~5; a "re-entrant"  or  "closed" 
kn igh t ' s  t o u r  is j u s t  a Hami l ton ian  cir- 
cuit.  The  ex i s t ence  of  such  tours  is 
c l a s s i c a l - - e v e n  Euler  spen t  some  t ime 
c ons t ruc t i ng  them,  f inding among  oth- 
ers  the  e l egan t  cent ra l ly  symmet r i c  
t ou r  i l lu s t r a t ed  in Diagram 4 ( f rom [9, 
p. 191]): 

Diagram 4 

I Y/ 

A closed knight's tour constructed by Euler 

The ex t ens ive  l i te ra ture  on knight ' s  
t o u r s  i nc ludes  many  examples ,  which,  
w h e n  n u m b e r e d  along the pa th  f rom 1 
to  64, y ie ld  semi -magic  squares  (all r ow 
and  c o l u m n  s u m s  equal 260), some-  
t imes  wi th  fu r the r  "magic" p roper t ies ,  
b u t  it  is no t  ye t  k n o w n  whe the r  a fully 
mag ic  kn igh t ' s  t o u r  (one with major  di- 
agona l s  as  wel l  as  rows  and co lumns  
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summing  to 260), ei ther  open  or closed, 

can exist. 
More generally, we may ask for 

Hamil tonian  circuits  on  %~,,, for other  
m,n;  that is, for closed knight ' s  tours  
on other rec tangular  chessboards .  A 

necessary  condi t ion  is that  ~,,,,, be a 
connec ted  graph with an even n u m b e r  
of vertices. Hence we mus t  have 2Jmn 

and both  m , n  at least  3 (cf. Puzzle 1). 
But no t  all %,,n satisfying this condi-  
t ion admit  Hamil tonian  circuits.  For  in- 

stance,  one easily checks  that  ~J3,4 is 
not  Hamiltonian.  Nor are ~ , 6  and  ~5~,s, 
but  ~g~,J0 has a Hami l ton ian  circuit,  as 
does G3,,~ for each even n > 10. For  in- 
stance,  Diagram 5 shows a closed 
knight 's  tour  on the 3 • 10 board:  

Diagram 5 

A closed knight's tour on the 3 x 10 board 

There are s ix teen such  tours  ( ignoring 
the board symmetr ies) .  More gener- 
ally, enumera t ing  the closed knight 's  
tours  on a 3 X (8 + 2n)  board  yields a 
sequence 16, 176, 1536, 15424, . . . sat- 
isfying a cons tan t  l inear  recurs ion  of 
degree 21 that  was ob ta ined  indepen-  
dent ly  by Donald Knuth  and  NDE in 
April 1994. See [23, Sequence A070030]. 
In 1997, Brendan  McKay first com- 
puted  that there are 13267364410532 
(more than 1.3 x 10 t3) closed knight 's  

tours  on the 8 • 8 board  ([19]; see also 
[23, Sequence A001230], [26]). 

We re turn  n o w  from e n u m e r a t i o n  to 
existence.  After c~,},,~ the nex t  case is 
~54,,~. This is tricMer: the reader  might 
try to cons t ruc t  a c losed knight ' s  tour  
on a 4 • 11 board, or  to prove  that  
none  exists. We answer  this ques t ion  

later. 
What of maximal  cliques and co- 

cliques on q3? A clique is jus t  a collection 
of pairwise defending (or attacking) 
knights. Clearly there can be no more 
than two knights, again because  ~5 is bi- 
partite: two squares of the same color 

cannot  be a knight 's move apart, and any 

set of more than at least three squares 
must  include two of the san~e color. Co- 
cliques are more interesting: how many  
pairwise nonattacking knights can the 
chessboard accommodate?  ~ We follow 
Golomb ([21], via M. Gardner  [9, p. 
193]). Again the fact that  c~ is bipart i te  
suggests the answer  (Diagram 6): 

Diagram 6 

32 mutually nonattacking knights 

Diagram 7 

N 

A one-factor in 

It is not  hard to see that  we canno t  do 
better: the 64 squares  may be parti-  
t ioned into 32 pairs, each related by a 
knight move, and  then  at mos t  one 
square from each pai r  can  be used  (Di- 

agram 7). This is Pa t enaude ' s  so lu t ion  
in [21]. Such a pai r ing of c9 is called a 

"one-factor" in graph theory. Similar 
one-factors exist on  all ~3m,,~ when  21ran 

and m , n  both exceed  2; they can be 
used to show that in general  a knight  
coclique on an m • n board  has size at 
most  ran~2 for such  m,n.  

P u z z l e  2. What happens  if m,n  are 
both  odd, or if m --< 2 or n --< 2? 

Are Diagram 6 and  its complemen t  the 
only maximal  cocl iques? Yes, but  this 
is harder  to show. One elegant proof, 

given by Greenberg  in [21], invokes the 
exis tence of a c losed knight 's  tour, 
such as Euler ' s  Diagram 4. In general,  
on a circui t  of  length  2M the only sets 
of M pai rwise  n o n a d j a c e n t  vert ices are 
the set  of e ve n - numbe r e d  vert ices and  

the set  of  odd -numbered  ones on the 
circuit. Here M = 32, and  the knight 's  
tour  in effect embeds  that  circuit  into 
(6, so a fo r t i o r i  there  can  be at mos t  
two cocl iques of size M on ~5--and we 
have already found  them both! 

Of course this proof  applies equally 
to any board  with a closed knight's tour: 
on any such board the light- and dark- 
squared subsets  are the only maximal  

cocliques. Conversely, a board for which 
there are further maximal  cocliques can- 
not  support  a closed knight 's tour. For  
example, any 4 x n board has a nfixed- 
color maxnua l  coclique, as illustrated 
for n = 11 in Diagram 8. 

Diagram 8 

A third maximal knight coclique on the 4 x 

11 board 

This yields poss ib ly  the c leanest  proof  

that  there is  no closed knight 's  tour on 

a 4 • n board f o r  a n y  n. (According 
to Jelliss [14], this fact was known  to 
Euler  and  first proved by C. Flye 

Sainte-Marie in 1877; Jelliss a t t r ibutes  
the above c lean  p roof  to Louis Posa.) 

WARNING: the ex is tence  of a closed 
knight 's  tou r  is a suff icient  bu t  no t  nec- 
essary cond i t ion  for the exis tence of 
only two max imal  knight  cocliques. It 
is k n o w n  that  an m x n board  suppor ts  
a closed tour  if and  only if its area inn  

is an even in teger  > 24 and  nei ther  m 
nor  n is 1, 2, or 4. In part icular ,  as no ted  
above there  are no  closed knight 's  

~Burt Hochberg jokes (in [11, p. 5], concerning the analogous problem for queens) that the answer is 64, all White pieces or all Black: pieces of the same color can- 

not attack each other! Of course this joke, and similar jokes such as crowding several pieces on a single square, are extraneous to our analysis. 

VOLUME 25, NUMBER 1 2003 25 



t ou r s  on  the  3 • 6 and  3 x 8 boards ,  
t hough  as  it  h a p p e n s  on  each  of  these  
b o a r d s  the  only  m a x i m a l  knight  co- 
c l iques  are  the  two  obv ious  mono-  
c h r o m a t i c  ones.  

More about ~: Domination 
Number,  Girth, and the 
Knight Metr ic 
A n o t h e r  c lass ic  puzzle  asks:  How m a n y  
knights  does  it t ake  to  e i ther  o c c u p y  o r  
de fend  every  square  on  the boa rd?  In 
g raph  t h e o r y  p a r l a n c e  this  asks  for  the  
"domina t ion  number "  of  <6. 2 F o r  the  
s t a n d a r d  8 • 8 board ,  the  s y m m e t r i c a l  
so lu t ion  wi th  12 kn ights  (Diagram 9) 
has  long b e e n  known:  

Diagram 9 

All unoccupied squares controlled 

P u z z l e  3. Prove  tha t  this  so lu t ion  is 
unique up  to  ref lec t ion .  

The  kn ight  d o m i n a t i o n  n u m b e r  for  
c h e s s b o a r d s  o f  a rb i t r a ry  size is no t  
known,  no t  even  asympto t ica l ly .  See 
[9, Ch. 14] for  r e su l t s  k n o w n  at  the  t ime  
for  square  b o a r d s  of  o r d e r  up to  15, 
m o s t  da t ing  b a c k  to  1918 [1, Vol. 2, p. 
359]. If  w e  a s k  in s t ead  tha t  every  
square,  o c c u p i e d  or  not,  be defended ,  
t hen  the  8 • 8 c h e s s b o a r d  requi res  14 
knights .  On an  m • n board ,  a t  l eas t  
mn/8  knigh t s  a re  needed ,  s ince  a 
knight  de f ends  at  m o s t  8 squares .  

P u z z l e  4. Prove  tha t  mn/8  + O(m + 
n)  kn igh t s  suffice.  HINT: Trea t  the  l ight  
and  d a r k  squares  separa te ly .  

We a l r e a dy  no ted  that  ~5, be ing  bi- 
par t i te ,  has  no cycles  of  odd length. 
(We a lso  encoun te red  the nonexis -  
t ence  o f  3-cycles as "~5 has  no cl iques  
of  size 3".) Thus the  girth (minimal  cy- 
cle length)  o f  ~5 is at  leas t  4. In fact  the  
gir th  is exac t ly  4, as  shown for ins t ance  
in Diagram 10. 

Diagram 10 

% 

White to move draws 

Diagram 10a 

After 2 Nd3! 

This square  cycle  is impor t an t  to  
e n d g a m e  theory:  a White knight  t rav-  
eling on  the  cycle can  p reven t  the  p ro-  
m o t i o n  of  the  Black p a w n  on a3 sup-  
p o r t e d  b y  its king. To d raw  this  
p o s i t i o n  White  mus t  e i ther  b lock  the  
p a w n  o r  cap tu re  it, even at  the  cos t  o f  
the  knight .  The po in t  is seen  af te r  
l .Nb4  Kb3 2.Nd3! ( reaching Diagram 
10a) a2 3 .Nc l+! ,  "forking" king and  

p a w n  and  giving White t ime  for  4.N x a2 
and  a draw.  On o ther  Black  m o v e s  
f rom Diagram 10a White r e s u m e s  con- 
t rol  of  a2 wi th  3 .Ncl  o r  3.Nb4; for  in- 
s t ance  2 . . .  Kc2 3 .Nb4+ or  2 . . .  Kc3 
3 .Ncl  Kb2 (else N a 2 + )  4 .Nd3+!  etc. 
Note  tha t  the  White king w a s  no t  
needed .  

NOTE TO ADVANCED CHESS PLAYERS: it 
might  s e e m  tha t  the  kn ight  d o e s  need  
a bi t  o f  he lp  af ter  1.Nb4 ICol!?, when  
e i ther  2.Na2? or  2.Nd3? loses  (in the  
la t te r  case  to 2 . . .  a2), bu t  B lack  has  
no t h r ea t  so White  can s imply  m a k e  a 
r a n d o m  ("wait ing") king move.  But  this  
is no t  necessa ry ,  as Whi te  cou ld  a lso  
d r a w  by  th inking (and p laying)  out  of  
the  a2-b4-d3-cl-a2 box:  1.Nb4 Kb l  
2.Nd5! If n o w  2 . . .  a2 then  3 .Nc3+ is 
a n e w  drawing  fork, and  o the rwi se  
White  p lays  3.Nb4 and  r e s u m e s  the 
square  dance.  

P u z z l e  5. Cons t ruc t  a pos i t i on  w h e r e  
th is  Nd5 r e sou rce  is Whi te ' s  only  w a y  
to draw.  

WARNING: This  puzzle is ha rd  and  re- 
qui res  c ons ide r a b ly  m o r e  ches s  back-  
g round  than  anything e lse  in th is  art i-  
cle. The cons t ruc t ion  requ i res  s o m e  
del icacy:  it  is not  enough  to s imply  
s t a l e m a t e  the  White king, b e c a u s e  then  
White  can  p lay  2.Na2 wi th  impuni ty;  on  
the  o t h e r  hand  if the White  king is pu t  
in Zugzwang (so that  it  has  s o m e  legal  
moves ,  bu t  all of  them lose) ,  t hen  the  
d i rec t  1 . . .  a2 2 .Nxa2  K x a 2  wins  for  
Black.  

Even  m o r e  i m p o r t a n t  for  t h e  p r a c -  
t i ca l  c h e s s  p l a y e r  is t he  d i s t a n c e  func-  
t i on  on  .~, w h i c h  e n c o d e s  the  n u m b e r  
o f  m o v e s  a kn igh t  n e e d s  to  ge t  f rom 
any  squa re  to  any  other .  The  d iame-  
t e r  ( m a x i m a l  d i s t ance )  on  ~ is 6, 
w h i c h  is a t t a i n e d  on ly  by  d i a g o n a l l y  
o p p o s i t e  co rne r s .  This  is to  be  ex-  
p e c t e d ,  bu t  sho r t e r  d i s t a n c e s  b r ing  
s o m e  su rp r i s e s .  The t ab l e  a c c o m p a -  
ny ing  D i a g r a m  11 s h o w s  the  d i s t a n c e  
f rom e a c h  v e r t e x  of  ~5 to  a c o r n e r  
square :  

2This terminology is not entirely foreign to the chess literature: A piece is said to be "dominated" when it can move to many squares but will be lost on any of them. 

(The meaning of "many" in this definition is not precise because domination is an artistic concept, not a mathematical one.) The introduction of this term into the chess 
lexicon is attributed to Henri Rinck ([12, p. 93], [16, p. 151]). The task of constructing economical domination positions, where a few chessmen cover many squares, 

has a pronounced combinatorial flavor; the great composer of endgame studies G.M. Kasparyan devoted an entire book to the subject, Domination in 2545 Endgame 
Studies, Progress Publishers, Moscow, 1980. 
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% 

Diagram 11 

White loses 

The starred entry is due to the board 
edges: a knight can travel from any 
square to any diagonally adjacent  square 
in two moves except  when  one of them 
is a comer  square. But the other irregu- 
larities of the table at short distances do 
not depend on  edge effects. Anywhere 
on the board, it takes the otherwise ag- 

ile knight three moves to reach an or- 
thogonally adjacent  square, and four 
moves to travel two squares diagonally. 
This peculiarity mus t  be absorbed by 
any chess player who would learn to 
play with or against  knights. One con- 
sequence, k n o w n  to endgame theory, is 
shown in Diagram 11, which exploits 
both the generic irregularity and the spe- 
cial comer  case. Even with White to 
move, this posi t ion is a win for Black, 

who will p l a y . . ,  a2 and . . . alQ. One 
might expect that  the knight is close 
enough to stop this, but  in fact it would 
take it three moves  to reach a2 and four 
to reach al ,  in each case one too many. 
In fact this knight helps Black by block- 
ing the White king's approach to al! 

P u z z l e  6. Determine the knight  dis- 
tance  from (0,0) to (re,n) on  an infini te  
board  as a funct ion of the in tegers  m,n .  

F u r t h e r  P u z z l e s  

We cont inue  with several  more  puzzles  
that  exploit  or ex tend  the above dis- 

cussion.  
P u z z l e  7. How does White play in Di- 
agran~ 12 to force checkmate  as quickly 
as possible against any Black defense?  

Yes, it's White who wins, despite hav- 
ing only king and pawn against  15 Black 
men. Black's men are almost  paralyzed, 
with only the queen able to move in its 

comer  prison. White must  keep it that 
way: if he ever moves his king, Black 
will sacrifice his e2-pawn by promot ing  
it, bring the Black army to life and soon  

overwhehn White. So White mus t  move 
only the pawn, and  the piece that it will 

promote  to. That 's good enough for a 
draw, but  how to actually win? 

P u z z l e  8. (See Diagram 13.) There  are 
exactly 24 = 4! pa ths  that a knight  on 
d l  can take to reach d7 in four moves;  
plot t ing these paths on  the chessboard  
yields a beautiful  projec t ion  of (the 1- 
ske le ton  of) the 4-dimensional  hyper-  

cube! Explain. 

P u z z l e  9. We saw that  there is an  es- 

sential ly unique max imal  conf igura t ion  
of 32 mutual ly  non-defending  knights  

on the 8 x 8 board. 

i. Suppose we allow each knight  to be 

defended at mos t  once. How m a n y  
more  knights can  the board  t hen  ac- 

commodate?  

Diagram 12 

| 
White to play and mate as quickly as possible 

Diagram 13 

N 
/ 

The 4! shortest knight paths from dl to d7 

ii. Now suppose  we reqmre  each 
knight  to be defended exactly once. 
What is the largest  n u m b e r  of 
knights  on the 8 x 8 board  satisfy- 
ing this constraint ,  and  what  are all 
the maximal  conf igura t ions?  

P u z z l e  10. A "camel" is a (3,1) leaper, 
that  is, an unor thodox  chess piece that  
moves  from (x,y) to one of the squares  
(x_+3,  y _ + l )  or ( x - + l ,  y + - 3 ) .  (A 
knight  is a (2,1) leaper.)  Because  there  
are eight such squares,  it takes  at least  
mn/8 camels  to defend every square, 
occupied  or not, on an m x n board.  
Are mn/8 + O(m + n) sufficient,  as in 

Puzzle 4? 

S y n t h e t i c  G a m e s  

The remainder  of this article is devoted 

to composed  chess p rob lems  featur ing 

knights. 
A synthetic  game [13] is a chess 

game composed  (ra ther  than  played) 

to achieve some objective, usual ly  in a 
min imal  n u m b e r  of moves. Ideally the 

so lu t ion  should be unique,  bu t  this is 
very rare. Failing this, we can  hope for 
an  "almost  unique" solut ion,  e.g., one  

where  the final pos i t ion  is unique,  bu t  
no t  the move order. For  ins tance,  the 
shor tes t  game ending in checkmate  by 
a knight  is 3.0 moves:  1.e3 Nc6 2.Ne2 
Nd4 3.g3 Nf3 mate. White can  vary the 
order  of his moves  and  can  play e4 
and/or  g4 instead of e3 and g3. The 
Black knight  has two paths  to f3. The 
biggest  flaw, however,  is that  White 

could play c3/c4 ins tead  of g3/g4, and  
Black could mate  at d3. At least  all 72 
so lu t ions  share the centra l  feature  that  
White incarcera tes  his king at its home  
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square.  A be t t e r  syn the t i c  game  in- 
volving a knight  is given in Puzzle 11. 

P u z z l e  l l .  Cons t ruc t  a game  of  ches s  
in wh ich  Black  c h e c k m a t e s  White  on 
Black ' s  fifth move  by  p r o m o t i n g  a 
p a w n  to a knight.  

Proof Games 
A ve ry  succe s s fu l  va r i a t i on  o f  syn-  
the t i c  g a m e s  tha t  a l lows  unique  solu-  
t ions  a re  proof games, for  w h i c h  the  
l eng th  n o f  the  game  and  the  f inal  po-  
s i t ion  P a r e  spec i f ied .  F o r  the  cond i -  
t ion  (P,n) to  be  c o n s i d e r e d  a s o u n d  
p r o b l e m ,  t he re  shou ld  be  a unique 
g a m e  in n m o v e s  ending  in P. (Some-  
t i m e s  t h e r e  will  be m o r e  t han  one  so-  
lut ion,  b u t  so lu t ions  s h o u l d  be  r e l a t e d  
in s o m e  t h e m a t i c  way.  Here  w e  wil l  
on ly  c o n s i d e r  cond i t i ons  (P,n) t ha t  
a re  un ique ly  rea l izab le ,  w i th  the  ex-  
c e p t i o n  o f  Diagram 17.) 

The ea r l i es t  p r o o f  games  we re  com-  
p o s e d  by  the  f amous  "Puzzle King" Sam 
Loyd in the  1890s bu t  d id  no t  have  
unique solut ions;  the  ea r l i es t  p r o o f  
game  mee t ing  today ' s  s t a n d a r d s  s e e m s  
to have been  c o m p o s e d  by  T. R. Daw- 
son  in 1913. Al though s o m e  in te res t ing  
p r o o f  games  were  c o m p o s e d  in subse -  
quent  years ,  the  vas t  po ten t i a l  of  the  
sub jec t  was  no t  s u s p e c t e d  unti l  the  fan- 
t as t ic  p ionee r ing  effor ts  of  Michel  Cail- 
l aud  in the  ear ly  1980s. A c lose  to  com-  
p le te  co l lec t ion  of  all p r o o f  g a m e s  
pub l i shed  up to  1991 ( a round  160 p rob -  
l ems)  a p p e a r s  in [28]. 

Let us  cons ide r  s o m e  p r o o f  g a m e s  
r e l a t ed  to knights.  We m e n t i o n e d  ear-  
l ier  tha t  the  shor te s t  game  end ing  in 
ma te  by  knight  has  length  3.0 moves .  
None of  the  72 so lu t ions  y ie ld  p r o o f  
games  wi th  unique solut ions;  i.e., eve ry  
t e rmina l  pos i t ion  has  m o r e  than  one  
w a y  of  reach ing  it in 3.0 moves .  It is 
t he re fo re  na tura l  to  a sk  for  the  l eas t  
n u m b e r  n (e i ther  an  in teger  o r  half- 
in teger)  for  which  the re  ex i s t s  a 
uniquely realizable game  of  chess  in n 
m o v e s  ending wi th  c h e c k m a t e  by  
knight,  i.e., given the  final pos i t ion ,  
the re  is a unique game tha t  r e a c h e s  it 
in n moves .  Such a game  was  found  in- 
d e p e n d e n t l y  by  the two  au tho r s  of  th is  
a r t ic le  in 1996 for  n = 4.0, w h i c h  is 
su re ly  the  minimum.  The f inal  p o s i t i o n  
is s h o w n  in Diagram 14. 

Diagram 14 

A 

Position af ter  Black 's 4th move.  How did the  

game go? 

Five o ther  proof  game p rob lems  in- 
volving knights  are p resen ted  in Puzzles 
12 through 16. The min imum known 
number  of  moves  for achieving the game 
is given in parentheses .  (We repeat,  the  
game mus t  be  uniquely real izable from 
the number  of  moves and final posit ion.)  

P u z z l e  12. Cons t ruc t  a p r o o f  game 
wi thou t  any  cap tures  tha t  ends  wi th  
mate  by  a knight  (4.5). 

P u z z l e  13. Const ruct  a p r o o f  game 
ending wi th  mate  by  a knight  malt ing a 
cap tu re  (5.5). 

P u z z l e  14. Cons t ruc t  a p r o o f  game 
ending wi th  mate  by  a p a w n  p romot ing  
to a knight  (5.5). 

There  is a r emarkab le  var ian t  of  Puz- 
zle 14. Ra the r  than having the  game de- 
t e r m i n e d  b y  its final pos i t i on  and num- 
be r  of  moves ,  it is i n s t ead  comple t e ly  
d e t e r m i n e d  by its las t  move  ( including 
the move  number)!  This is the  longes t  
k n o w n  game  with this  p roper ty .  

P u z z l e  14 ' .  Cons t ruc t  a game of  chess  
wi th  las t  move  6 .gxf8N mate.  

The above  p r o o f  games  focus  on 
achieving  some objec t ive  in the mini- 
m u m  n u m b e r  of  moves .  Many o the r  
p r o o f  g a m e s  in which  knights  p lay  a 
key  role  have  been  composed ,  of  which  
we  give a sample  of  five p rob lems .  Di- 
ag rams  15, 16, and  17 fea ture  " impos-  
t o r s " - - s o m e  piece(s )  a re  no t  wha t  they  
seem. The first of  these  (Diagram 15) 
is a c lass ic  p rob lem tha t  is one  of  the  

ear l ies t  of  all  p r o o f  games ,  whi le  Dia- 
g ram 16 is c o n s i d e r a b l y  m o r e  chal- 
lenging. Diagram 17 f ea tu re s  a differ- 
en t  k ind  of  impos to r .  Note  tha t  it has  
two  solut ions;  it  is r e m a r k a b l e  how 
each  so lu t ion  has  a d i f ferent  impos tor .  
The c o m p l e x  and  diff icult  Diagram 18 
i l lus t ra tes  the  Frolki~l theme: the  mul- 
t iple  cap tu re  o f  p r o m o t e d  p ieces .  Dia- 
g ram 19 shows ,  in the  w o r d s  of  Wilts 
and  Fro lk in  [28, p. 53], tha t  "the seem-  
ingly i nd i spu t ab l e  fact  tha t  a knight  
canno t  lose  a t e m p o  is no t  quite un- 
ambiguous ."  

P u z z l e  15. Cons t ruc t  a p r o o f  game 
ending wi th  m a t e  by  a p a w n  p romot ing  
to  a knight  w i thou t  a cap tu re  on the 
mat ing  move  (6.0). 

P u z z l e  16. Cons t ruc t  a p r o o f  game 
ending  wi th  m a t e  by  a p a w n  p romot ing  
to  a knight  w i th  no  cap tu re s  by  the mat-  
ing s ide  t h r o u g h o u t  the  game  (7.0). 

Diagram 15 
. 

Af te r  B lack 's  4th. How did the game go? 

Diagram 16 

x i 

Af te r  B lack 's  12th. How did the game go? 
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Diagram 17 

! 

After White's 13th. How did the game go? 

Two solutions! 

Diagram 18 

~y///>. - 

After White's 27th move. How did the game 

go? 

X J 
A 

Diagram 19 

After Black's 10th move. How did the game 

go? 

R e t r o g r a d e  A n a l y s i s  

In re t rograde  ana lys i s  p r o b l e m s  (cal led  
retry problems for  shor t ) ,  it  is neces-  
sa ry  to deduce  i n fo rma t ion  f rom the 
cur ren t  pos i t ion  c o n c e r n i n g  the  pr io r  

i 

Diagram 20 

N NAN 
Mate in one 

his tory  of  the  game.  It is only a s s u m e d  
that  the  p r io r  p l ay  is legal; no  a s sump-  
t ion is made  that  the  p l ay  is "sensible." 
P roof  games  are a spec ia l  c lass  of  re t ro  
problems.  We wil l  give only one  illus- 
t ra t ion  here  of a r e t ro  p r o b l e m  tha t  is 
not  a p r o o f  game. It is b a s e d  on con- 
s idera t ions  of  par i ty ,  a c o m m o n  theme  
wheneve r  knights  a re  involved.  Dia- 
gram 20 is a mate in  one. A chess  p rob-  
lem with  this  s t ipu la t ion  a lmos t  invari-  
ably  involves an e l e m e n t  of  r e t r og ra de  
analysis,  such as  de t e rmin ing  who  has  
the  move.  In a p r o b l e m  wi th  the  s t ipu-  
lat ion "Mate in n,"  it  is a s s u m e d  tha t  
wh i t e  moves  f i rs t  un less  it  can  be  
p roved  that  Black  has  the  move  in or- 
de r  for  the  pos i t ion  to  be  legal. 

L e n g t h  R e c o r d s  

In length records ,  one  t r ies  to con- 
s t ruc t  a pos i t ion  tha t  max imizes  the  
n u m b e r  of  moves  tha t  mus t  e l apse  be- 
fore  a cer ta in  ob jec t ive  is sat isf ied.  The 
mos t  obvious  and  mos t - s t ud i e d  objec-  
t ive is checkmate .  In o the r  words ,  h o w  
large can  n be in a p r o b l e m  wi th  the  
objec t ive  "mate in n" (i.e., White  to p l ay  
and checkma te  B lack  in n moves )?  
Chess  p rob lem s t a n d a r d s  d e m a n d  tha t  
the  so lu t ion  shou ld  be  unique if a t  all 
poss ib le .  It is t oo  m u c h  to expec t ,  es- 
pec ia l ly  for  long-range p rob lems ,  tha t  
White has  a unique r e s p o n s e  to  every 
Black move  for Whi te  to  ach ieve  his  
object ive.  In o the r  words ,  it  is pos s ib l e  
for  Black to de fend  p o o r l y  and  a l low 
wh i t e  to achieve his ob jec t ive  in m o r e  
than  one way, or  even  to  ach ieve  it ear-  
l ier  than  specif ied.  The  co r r ec t  unique- 
ness  condi t ion  is t ha t  the  p r o b l e m  

shou ld  be  dual-free, which  m e a n s  tha t  
Black  has  at  l eas t  one m e t h o d  of  de-  
fending  w h i c h  fo rces  each  White  move  
unique ly  if  White  is to achieve  his ob- 
jec t ive .  The ob jec t ive  of  c h e c k m a t e  
can  be  c o m b i n e d  with  o the r  condi-  
t ions,  such  as  White  having only  one  
uni t  b e s i d e s  his  king. The ingenious  Di- 
a g r a m  21 s h o w s  the  cur ren t  r e c o r d  for  
a "knight  minimal ,"  i.e., Whi te ' s  only  
uni t  b e s i d e s  his king is a knight .  F o r  
o t h e r  l ength  records ,  as  wel l  as  m a n y  
o t h e r  t a s k s  and  records ,  see  [20]. 

Diagram 21 

Mate in 48 

P a r a d o x  

The t e r m  "pa radox"  has  severa l  mean-  
ings in bo th  m a t h e m a t i c s  and  o rd ina ry  
d i scourse .  We will  regard  a fea tu re  of  
a ches s  p r o b l e m  (or  chess  game)  as  
p a r a d o x i c a l  if it is seemingly  o p p o s e d  
to  c o m m o n  sense .  F o r  ins tance ,  com-  
m o n  sense  te l ls  us  that  a ma te r i a l  ad- 
van tage  is benef ic ia l  in winning  a chess  
game  o r  ma t ing  quickly.  Thus sacri f ice 
in an  o r t h o d o x  chess  p r o b l e m  (i.e., a 
d i r ec t  ma te  o r  s tudy)  is pa radox ica l .  Of 
c o u r s e  i t  is j u s t  this  p a r a d o x i c a l  ele- 
m e n t  tha t  exp l a in s  the  appea l  o f  a sac-  
rifice. A n o t h e r  c o m m o n  p a r a d o x i c a l  
t h e m e  is unde rp romot ion .  Why no t  
p r o m o t e  to  the  s t ronges t  pos s ib l e  
p iece ,  namely ,  the  queen? This t h e m e  
is r e l a t e d  to  tha t  of  sacrif ice,  b e c a u s e  
in each  ca se  the  p l aye r  is forgoing ma-  
terial .  To be  sure,  u n d e r p r o m o t i o n  to  
kn ight  in o r d e r  to  win, draw,  o r  check-  
m a t e  qu ick ly  is no t  so surpr i s ing  (and  
has  even o c c u r r e d  a fair  n u m b e r  of  
t imes  in games) ,  s ince  a knight  can  
m a k e  m o v e s  fo rb idden  to a queen.  Tim 
Krabbd thus  r e m a r k s  in [15] tha t  
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knighting hardly counts as a true "un- 
derpromotion. "3 Nevertheless, knight 
promotions can be used for surprising 
purposes that heighten the paradoxical 
effect. 

Diagram 22 shows four knight sacri- 
rices, all promoted pawns, with a total 
of five promotions to knight. Diagram 
23 shows a celebrated problem com- 
posed by Sam Loyd where a pawn pro- 
motes to a knight that threatens no 
pieces or checks and is hopelessly out 
of play. For some interesting com- 
ments by Loyd on this problem, see [27, 
p. 403]. 

Diagram 22 

N N | 1 7 4  

White to play and win 

Diagram 23 

Mate in 3 

Note that the impostors of Diagrams 
15-17 may also be regarded as para- 
doxical, because we're trying to reach 
the position as quickly as possible, and 
it seems a waste of time to move 
knights into the original square(s) of 

other knights. Similarly the time-wast- 
ing 5.hXg8N 6.Nh6 7.Nxf7 of Diagram 
19 seems paradoxical--why not save a 
move by 5.hxgSB and 6.bxf7+? 

H e l p m a t e  

In a helpmate in n moves, Black moves 
first and cooperates with White so that 
White mates Black on White's nth 
move. If the number of solutions of a 
helpmate is not specified, then there 
should be a unique solution. For a long 
time it was thought impossible to con- 
struct a sound helpmate with the theme 
of Diagram 24, featuring knight promo- 
tions. Note that the first obstacle to 
overcome is the avoidance of check- 
mating White or stalemating Black. The 
composer of this brilliant problem, Ga- 
bor Cseh, was tragically killed in an ac- 
cident in 2001 at the age of 26. 

Diagram 24 

t 
Helpmate in 10 

P i e c e  Shuf f l e  
In piece shuffles or permutat ion tasks, 
a rearrangement of pieces is to be 
achieved in a minimum number of 
moves, sometimes subject to special 
conditions. They may be regarded as 
special cases of "moving counter prob- 
lems" such as given in [2, pp. 769-777] 
or [3, pp. 58-68]. A classic example in- 
volving knights, going back to Guarini 
in 1512, is shown in Diagram 25. The 
knights are to exchange places in the 
mininmm number of moves. (Each 
White knight ends up where a Black 
knight begins, and vice versa.) The sys- 
tematic method for doing such prob- 
lems, first enunciated by Dudeney [3, 

solution to #341] and called the method 
of "buttons and strings," is to form a 
graph whose vertices are the squares 
of the board, with an edge between two 
vertices if the problem piece (here a 
knight) can move from one vertex to 
the other. For Diagram 25, the graph is 
just an eight-cycle (with an irrelevant 
isolated vertex corresponding to the 
center square of the board). Diagranl 
26 is a representation of the problem 
that makes it quite easy to see that the 
minimum number of moves is sixteen 
(eight by each color), achieved for in- 
stance by cyclically moving each 
knight four steps clockwise around the 
eight-cycle. If a White knight is added 
at b l  and a Black knight at b3, then 
somewhat  paradoxically the minimum 
number of moves is reduced to eight! 
A variation of the stipulation of Dia- 
gram 25 is the problem presented as 
Puzzle 17, whose solution is a bit tricky 
and essentially unique. 

Diagram 25 

Exchange the knights in a minimum number 

of moves 

Diagram 26 

a2 : ~  

b3 ~ L  ~ - ~  '~2 a3 

The graph corresponding to Diagram 25 

Puzzle  17. In Diagram 25 exchange the 
knights in a minimum number of move 
sequences, where a "move sequence" is 
an unlimited number of consecutive 
moves by the same knight. 

For some more sophisticated prob- 
lems similar to Diagram 25, see [10, pp. 
114-124]. The most interesting piece 

3More paradoxical are underpromotions to rooks and bishops, but we will not be concerned with them here. 
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shuffle p rob lems  connec ted  with the 
game of chess ( though not  focusing on 
knights)  are due to G. Fos ter  [5, 6, 7, 
8], c rea ted  with the help of his com- 

pu te r  p rogram WOMBAT (Work Out 
Matrix By Algori thmic Techniques) .  

P u z z l e  A n s w e r s ,  H in ts ,  

a n d  S o l u t i o n s  
1. The graph ~m,~ is connected for 

m = n = 1 (only one ver tex)  and 
no t  connec t ed  for m = n = 3 (the 
cent ra l  square is an isolated ver- 
tex). With those two except ions,  

~m,n is connec t ed  if and  only if 
m > 2 and  n > 2. Every ~Sm,, is bi- 

partite, except  ~1,1 (empty parts  
no t  allowed); each non -connec t ed  
graph ~,,,,, is bipart i te in several  

ways except  for q~l,2 = q~2,1. 
2. If m =  l o r n =  l then  ~Jm,. is dis- 

connected ,  so the maximal  co- 
clique is the set  of all m n  vertices. 

The graph ~J2,. (or ~J,~,2) decom- 
poses  into two paths  of length 
Ln/2J and two of length F:n/2]. It 
thus has a one-factor  if and  only if 
4in , and otherwise  has cocliques of 
size > n ;  the maximal  coclique size 
i s n  + 6 w h e r e  6 E {0, 1, 2} a n d n  --- 
+ ~ rood 4. If m and  n are odd in- 
tegers greater  than  1 then  the max- 
imal coclique size of ~Sm,,, is (ran + 
1)/2, a t ta ined  by placing a knight 
on each square of the same parity 
as a c o m e r  square of an m • n 
board. One can  prove that  this is 
maximal  by delet ing one of these 
squares and  cons t ruc t ing  a one- 
factor on  the remain ing  m n -  1 
vertices of ~.,,,,. 

3. Each of the four 2 x 2 c o m e r  sub- 
boards  requires  at least  three 
knights, and  no single knight  may 
occupy or defend squares  in two 
different subboards .  Hence  at least 
4 �9 3 = 12 knights  are needed.  For  
three knights  to cover  the {al, b l ,  
a2, b2} subboard ,  one of them mus t  
be on c3; l ikewise if3, f6, c6 mus t  
be occupied  if 12 knights  are to 
suffice. It is now easy to verify that  
Diagram 9 and  its ref lect ion are the 
only ways to place the remain ing  8 
knights so as to cover  the entire 
chessboard.  

4. ([3, #319, p. 127]) On an  infinite 
chessboard,  each square of odd 

parity is a knight-move away  f rom 
exactly one of the squares  wi th  co- 
ordinates (2x,2y) with x ~- y rood 
4. Intersecting this lat t ice with an 

m x n chessboard  yields ran~16 + 
O(m + n) knights  that  cover  all 
odd squares at  d is tance  at least  3 
from the nearest  edge. Thus  an  ex- 

t ra  O(m + n) knights  de fend  all 
the odd squares on the board.  The 
same cons t ruc t ion  for the even  

squares yields a total  of  mn/8 + 
O(m + n). 

Diagram 27 

@ 

White to move draws 

5. One such posi t ion  is s h o w n  in  Di- 
agram 27. Once the a -pawn is gone, 
the posit ion is a theore t ica l  d raw 
whether  Black plays fx  g2 + (Black 
can do no be t te r  than  s ta lemate  
against  Kxg2, Khl,  Kg2 etc.) or  f2 
(ditto after Ke2, Kfl, etc.), or  lets 
White play g x f 3  and Kg2 a nd  then  
je t t ison the f-pawn to reach  the 
same draw that  fol lows f x g 2 + .  
But as long as Black 's  a -pawn is on  
the board, White can move  only 
the knight s ince gxt '3 would  liber- 
ate Black's b ishop which  could  
then force White 's  knight  away 
(for ins tance 1.Nb4 K b l  2 .gxf3?  
g2+! 3.Kxg2 Bd6 4.Nd5 Kb2) and  
safely promote  the a-pawn. Black 's  
pawn on f3 could  also be  on  h3 

with the same effect. 
6. The distance is an  integer,  congru-  

ent to m + n mod  2, tha t  equals  or 

exceeds each of !mi/2, !nl/2, and 
(jm~ + inl)/3. It is the smal les t  such  
integer except  in the cases  a l ready 
noted of (m,n)  = (0,-+1), (-+1,0), 

or (-2,_+2), when  the d i s tance  ex- 

ceeds the above lower  b o u n d  by 2. 
7. (adapted f rom Gorgiev) To win, 

White mus t  p romote  the p a w n  to a 
knight, capture  the p a w n s  on b5 
and  c4, and  then  mate  with N x b 3  
when  the Black queen  is on  al .  
Thus N x b 3  mus t  be an  odd-num- 
bered  move. Therefore  1.h4, 2.h5, 
3.h6, 4.h7, 5.hSN does  no t  work  be- 
cause all knight  pa ths  f rom h8 to 
b3 have odd length. Since the 
knight  canno t  "lose the move," the 
pawn  must  do so on its initial move: 

1.h3!, fol lowed by 6.hSN!, 7.Nf7, 
8.Nd6, 9 .Nxb4,  10.Nd6, l l .NXc4 .  
12.Na5. At this po in t  the Black 
queen is on  a2, having  made  11 
moves  from the initial  posi t ion;  
whence  the conclus ion:  1 2 . . .  Qa l  
13.Nxb3 mate.  (We omit ted  from 

Gorgiev 's  or ig inal  p r o b l e m  the 
initial move 1 .Ki2XNel  Qa2-al,  

which only served to give Black his 
ent i re  army in the initial  pos i t ion  
and  thus maximize  the mater ial  
disparity; and  we moved  a Black 
pawn  from c5 to b5 to make  the so- 
lu t ion unique,  at some cost  in 
strategic interest . )  

8. Recall that  a knight ' s  move  jo ins  
squares  differing by  one of the 
eight vec tors  (_+1, _+2) or (_+2, 
_+ 1), and  check  that  to get some 
four  of those to add to (0,6) we 
mus t  use the four  vec tors  with a 
posit ive ord ina te  in some  order. 
Thus, to reach d7 f rom d l  (or, 

more  generally,  to travel six 
squares  nor th  with no obs t ruc t ion  
from the edges of the board)  in 
four  moves,  the knight  mus t  move 
once  in each of its four  north-go- 
ing direct ions.  Therefore  each path 
cor responds  to a pe rmu ta t i on  of 
the four vec tors  (_+ 1,2) and  (_+ 2,1). 
The n u m b e r  of pa ths  is thus  4! = 
24, and  drawing  them all yields the 
image of the 4-cube u n d e r  a pro- 
j ec t ion  taking  the un i t  vectors  to 
(-+1,2) and  (-+2,1). Ins tead  of d l  
and  d7 we could  also draw the 24 

paths  from a4 to g4 in four  moves  
to get the same  picture.  Not b2 and  

f6, though: bes ides  the 24 paths  of 
Diagram 13 there  are o ther  four- 
move  journeys ,  for ins tance  b2-d3- 

f4-h5-f6. 
9. (i) The m a x i m u m  is still 32 (though 
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t he re  a re  many  more  conf igura-  
t ions  tha t  a t ta in  this  m a x i m u m ) .  
To s h o w  this, it  is enough  to p r o v e  
tha t  a t  m o s t  8 knights  can  fit on  a 
4 • 4 b o a r d  if each  is to be  de-  
f ended  at  mos t  once.  This in tu rn  
can  be  seen  by  d e c o m p o s i n g  ~4.4 
as  a un ion  of  four  4-cycles  (Dia- 
g r am 28), and  not ing  tha t  only  two  
kn igh t s  can  fit on each  4-cycle.  

(ii) Once  again,  the  m a x i m u m  is 
32, th is  t ime  wi th  a n e w  configu-  
r a t ion  (Diagram 29) unique up to  
ref lec t ion!  (But  no te  tha t  th is  con-  
f igura t ion  has  a cycl ic  g roup  o f  4 
symmet r i e s ,  unl ike  the  e l e m e n t a r y  
abe l i an  2-group of  s y m m e t r i e s  o f  
the  m a x i m a l  cocl ique  (Diagram 
6).) Tha t  this  is m a x i m a l  fo l lows  
f rom the  first  pa r t  of  this  puzzle .  
F o r  un iqueness ,  our  p r o o f  is  t o o  
long to  r e p r o d u c e  he re  in full; i t  
p r o c e e d s  as  fol lows.  In any  32- 
kn ight  conf igura t ion ,  each  o f  the  
fou r  4 x 4 c o r n e r  s u b b o a r d s  m u s t  
con ta in  e ight  knights ,  two  on each  
o f  i ts  four  4-cycles.  We ana lyze  
c a s e s  to  s h o w  tha t  it  is imposs ib l e  
for  two  knights  in d i f ferent  sub-  
b o a r d s  to  de fend  each  other .  We 
then  s h o w  tha t  Diagram 29 and  i ts  
r e f l ec t ion  are  the  only  ways  to  fit 
fou r  e ight -knight  conf igu ra t ions  
in to  an  8 x 8 b o a r d  u n d e r  th is  con-  
s t ra int .  

10. Yes, mn/8 + O(m + n)camels suf- 
fice. The c a m e l  a lways  s t ays  on  
squa re s  o f  the  s a m e  color .  The  
squa re s  of  one  co lo r  m a y  be  re- 
g a r d e d  on  a c h e s s b o a r d  in i ts o w n  
right,  t i l t ed  45 ~ and  magni f ied  by  a 
f ac to r  o f  ~ / 2 - - i n  o the r  words ,  
mu l t ip l i ed  by  the  c o m p l e x  n u m b e r  
1 + i.  On this  board ,  the  c a m e l ' s  
m o v e  a m o u n t s  to the  o r d i n a r y  
kn igh t ' s  move  s ince  3 + i = (2 - 
i ) (1  + i) .  We can  thus  a d a p t  ou r  
so lu t i on  to  Puzzle 4. Expl ic i t ly ,  on  
an  inf ini te  c h e s s b o a r d  each  square  
wi th  b o t h  c o o r d i n a t e s  o d d  is a 
c a m e l ' s  move  a w a y  f rom exac t l y  
one  square  of  the  fo rm (4x,8y).  
Thus  c a m e l s  at  (4x + a, 8x + b) 
(a,b E {0,1}) cover  the  ent ire  b o a r d  
w i t h o u t  dupl ica t ion ,  and  the  in ter -  
s e c t i o n  o f  th is  conf igura t ion  wi th  
an  m • n b o a r d  covers  all  bu t  
O(m + n) of  i ts squares .  

Diagram 28 

Diagram 29 

N 

Solution of Puzzle 8(ii) 

11. 1.d3 e5 2.Kd2 e4 3.Kc3 eXd3  4.b3 
dXe2  5.Kb2 e X d l N  mate.  White  
can  p l ay  d4 ins tead  of  d3 (so Black  
p l ays  e x d4) and can vary  his move  
order ,  bu t  the final pos i t i on  is be-  
l ieved  to  be unique. This game first  
a p p e a r e d  in [17]. 

12. (G. For sh ind ,  Re t ros  Mail ing List, 
June  1996) l .e3  f5 2.Qf3 Kff  
3 .Bc4+  Kf6 4 .Qc6+ Ke5 5.Nf3 
mate .  

13. (G. Wicklund,  Retros  Mailing List. 
O c t o b e r  1996) 1.Nf3 e6 2.Ne5 Ne7 
3 . N x d 7  e5 4 .Nxf8  Bd7 5.Ne6 Rf8 
6 . N x g 7  mate. 

14. (P. R6ssler ,  Problemkiste, August  
1994 (vers ion))  1.h4 d5 2.h5 Nd7 
3.h6 Ndf6 4 .hxg7  Kd7 5.Rh6 Ne8 
6 .gx f8N mate. 

14 ' .  See so lu t ion  to Puzzle 14. 
15. (G. Donati ,  Retros  Mailing List, 

June  1996) 1.h4 g6 2.Rh3 g5 3.Re3 
g •  4.1"3 h3 5.Kf2 h2 6 .Qel  h l N  
mate .  

16. (O. Heimo,  Retros  Mailing List, 
June  1996) 1.d4 e5 2 . d •  d5 
3.Qd4 Be6 4.Qb6 d4 5.Kd2 d3 6.Kc3 
d2 7.a3 d l N  mate.  

17. a l -c2 ,  c l -b3 -a l ,  c3-a2-cl-b3,  a3-b l -  
c3-a2-cl ,  c2-a3-bl-c3, al-c2-a3,  b3- 
c l .  Seven  move sequences .  

D i a g r a m  S o l u t i o n s  
Diagram 14. (N. Elkies ,  R. Stanley, 

1996) 1.c4 Na6 2.c5 NXc5  3.e3 a6 
4.Ne2 Nd3 mate .  

Diagram 15. (G. Schweig,  Tukon, 1938) 
1.Nc3 d6 2.Nd5 Nd7 3 . N x e 7  Ndf6 
4 . N x g 8  N x g 8 .  The i m p o s t o r  is the  
knight  at  g8, which  ac tua l ly  s t a r t ed  
out  at  b8. 

Diagram 16. (U. Heinonen ,  The Prob- 
lemist 1991) 1.c4 Nf6 2.Qa4 Ne4 
3.Qc6 N x d 2  4.e4 Nb3 5.Bh6 Na6! 
6.Nd2 Nb4 7 .Rcl  Nd5 8.Rc3 Nf6 9.Rf3 
Ng8 10.Rf6 Nc5 11.f4 Na6 12.Ngf3 
NbS. Here  bo th  Black  knights  a re  im- 
pos tors ,  as  t hey  have  exchanged  
places!  F o r  a de ta i l ed  ana lys i s  of  this  
p rob lem,  see  [16, pp. 207-209]. 

Diagram 17. (D. Pronkin,  Die Schwalbe, 
1985, 1st pr ize)  1.b4 Nf6 2.Bb2 Ne4 
3.Bf6 e x f 6  4.b5 Qe7 5.b6 Qa3 6.bXa7 
Bc5 7 . a x b 8 B  Ra6 8.Ba7 Rd6 9.Bb6 
Kd8 10.Ba5 b6 11.Bc3 Bb7 12.Bb2 
Kc8 13.Bcl.  

1.Nc3 Nf6 2.Nd5 Ne4 3.Nf6+ e x f 6  
4.b4 Qe7 5.b5 Qa3 6.b6 Bc5 7 . b x a 7  
b6 8 .aXbSN Bb7 9.Na6 0-0-0 1O.Nb4 
Rde8 l l . N d 5  Re6 12.Nc3 Rd6 13.Nbl.  
This  p r o b l e m  i l lus t ra tes  the  Phoenix 
theme: a p i ece  leaves  i ts or iginal  
square  to  be  sacr i f i ced  s o m e w h e r e  
else, then  a p a w n  p r o m o t e s  to  ex- 
act ly  the  s a m e  p iece  wh ich  r e tu rns  
to the  or ig inal  square  to  r ep l ace  the  
sac r i f i ced  piece.  In the  first  so lu t ion  
the  b i shop  at  c l  is phoenix ,  while  in 
the  s e c o n d  it is the  knight  a t  b l !  As 
if  this  w e r e n ' t  s p e c t a c u l a r  enough,  
Black  cas t l es  in the  s e c o n d  so lu t ion  
bu t  not  the  first. 

Diagram 18. (M. Cail laud,  Th~mes-64, 
1982, 1st pr ize)  1.a4 c5 2.a5 c4 3.a6 
c3 4 .aXb7 a5 5.Ra4 Na6 6.Rc4 a4 7.b4 
a3 8.Bb2 a2 9.Na3 a lN!  10.Nb5 Nb3 
11.cXb3 c2 12.Be5 c lN!  13.Bb8 
Nd3+  14.eXd3 e5 15.Qg4 e4 16.Ke2 
e3 17.Kt3 e2 18.Ke4 e X f l N !  19.Nf3 
Ng3+ 20 .hxg3  h5 21.Rel  h4 22.Re2 
h3 23 .Nel  h2 24.Qh3 h lN!  25.g4 
Ng3+ 26 . fxg3  Ne7 27.Nd6 mate.  An 
amazing  four  p r o m o t i o n s  by  Black  to  
knight,  all cap tured!  

Diagram 19. (A. Frolkin,  Shortest Proof 
Games, 1991) 1.g4 e5 2.g5 Be7 3.g6 
Bg5 4 . g x h 7  Qf6 5 .hxg8N! Rh4 6.Nh6 
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Re4 7.Nxf7 Kxf7  8.Nc3 Kg6 9.Na4 
Kh5 1O.c3 g6. If 5.hXg8B? Rh4 
6.BXf7+ Kxf7  7.Nc3 Re4 8.Na4 Kg6 
9.c3 Kh5, then White must  disturb his 
position before  1 0 . . .  g6. A knight is 
able to "lose a tempo" by taking two 
moves to get from g8 to fT, while a 
bishop must  take one or at least 
three moves. 

Diagram 20. (V. A. Korolikov, Sehach, 
1957) White's knights are on squares 
of the same color and hence have 
made an odd number  of moves in all. 
The White rooks and the White king 
have made an even number  of moves, 
and White has made one pawn move. 
No other White units (i.e., the queen 
and bishops) have moved. Hence 
White has made an even number of 
moves in all. Similarly, Black has 
made an odd number  of moves. Since 
White moved first, it is currently 
Black's move, so Black mates in one 
with 1 . . .  N Xc2 mate. 

Diagram 21. (P. O'Shea, The Prom 
lemist, 1989, 1st prize) 1.Ne5 b l N +  
(the only defense to 2.Nf3 mate) 
2.Ka2 Nd2 3.Kal Nb3+ 4.Kbl Nd2§ 
5.Ka2. If Black moves ei ther  knight 
then checkmate  is immediate,  so 
5 . . . a3 is forced. Now White and 
Black repeat  the maneuver  Kal, 
Nb3+, Kbl,  Nd2+, Ka2 (any pawn 
moves by Black would jus t  hasten 
the end): 8.Ka2 a4 l l .Ka2 a5 14.Ka2 
a6. Then 15.Kal Nb3§ 16.Kbl a2+ 
17.K• Nd2. This maneuver  gets re- 
peated until all of Black's  a-pawns 
are captured: 44.Kxa2 Nd2 45.Kal 
Nb3§ 46.Kbl Nd2+ 47.Ka2. Finally 
Black must  al low 48.Nf3 mate or 
48.Ng4 mate! 

Diagram 22. (H. M. Lommer, Szachy, 
1965) White cannot  al low Black's 
rook at e8 to stay on the board, but 
how does White prevent  Black from 
being s ta lemated without  releasing 
the sleeping units in the h l  comer?  
1.fxe8N d3 2.Nf6 (not 2.Nd6? eXd6, 
and s ta lemate cannot  be prevented 
without releasing the h l  corner) 
g• f6 (capturing with the other pawn 
merely hastens  the end) 3.g5 f xg5 
4.g7 g4 5.g8N g3 6.Nf6 e x f 6  7.Kg6 f5 
8.e7 f4 9.e8N f3 10.Nd6 c •  11.c7 
d5 12.c8N d4 13.Nb6 a f b 6  14.a7 b5 

15.aSN and wins, as White can play 
19 Nxf3 mate jus t  after 1 8 . . .  blQ.  
For  the history of this problem, see 
[25, pp. xxi-xxii] .  

Diagram 23. (S. Loyd, Holyoke Tran- 
script, 1876) 1.bXa8N! Kxg2 2.Nb6, 
followed by 3.a8Q (or B) mate. Note 
that a knight is needed to prevent  2 
�9 . . B• A queen or bishop pro- 
motion at move one would be stale- 
mate, and a rook promotion leads 
nowhere. Normally a key move of 
capturing a piece is considered a se- 
rious flaw because  it reduces  Black's  
strength. Here, however, the capture 
seems to accomplish nothing so it is 
acceptable. Loyd himself says "[ill 
the capture seems a hopeless  move 
�9 . . then it is obviously well con- 

cealed, and the most  difficult key- 
move that  could be selected" [18, p. 
156]. For  further problems by Loyd 
featuring distant  knight promotion,  
see [27, pp. 402-403]. 

Diagram 24. (G. Cseh, StrateGems, 
2000, 1st prize) 1.hlN! Nd6 2.h2 Nf5 
3.Ng3+ NXg3 4.hlN! Ne2 5 . fxe2+  
Kg2! (not 5 . . .  Kxe2?,  since Black 's  
tenth move would then check White) 
6.flN! Rc7 7.Bg3 Rxc3  8 .Bxe5  RXc2 
9.Bg7 R x c l  10.bxclN! BXg7 mate. 
Four  promot ions  to knight by Black. 
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