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Introduction

main objective : classification of RM(6,8)/RM(4,8)

@ Provide a set of orbit representatives under the action AGL(8)

20748 class

classification of RM quotients are useful namely for
@ analysis of cryptographic parameters of Boolean functions

@ estimation covering radius of Reed-Muller code

ALCOCRYPT : covering radius of RM(4,8) : p(4,8) = 26
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Boolean functions

@ [, the finite field of order 2, m a positive integer
@ B(m) the set of Boolean functions in m variables

f: IFE” — Iy
Algebraic Normal Form
f(X17X2a"')Xm): f(X): Z 35X57 aSEIF27 XS(X):HXS-
SC{1,2,...,m} s€s

| A

Valuation and degree

@ val(f) is the minimal cardinality of S for which as =1

@ deg(f) is the maximal cardinality of S for which as =1

By convention val(0) = oo
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Reed-Muller code

Reed-Muller space RM(k, m)

o RM(k,m) = {f | deg() < k} —
U
Evaluation RM(m — 1, m)
U
B(m) > f — (£(0), f(1),...,f(2™ — 1)) J
. " U
Reed-Muller code of order k in m variables RM(L, m)
@ length : 2™ U
o dimension :3° ; (7) RM(0, m)
@ minimum distance : 2Mk (L(-)J)

@ automorphism group : AGL(m)

We identify Reed-Muller space (functions) and Reed-Muller code (codewords)
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Reed-Muller quotient

We denote B(s, t, m)

the space of Boolean functions of valuation > s and degree <'t

B(s, t,m) := RM(t,m)/RM(s — 1, m)

The affine general linear group acts naturally on Boolean functions:
Vs € AGL(m) Vf € B(m) fos(x)=f(s(x))

It acts on B(s, t, m):

fos(x) = f(s(x)) mod RM(s —1, m)

We denote B(s, t, m)

a set of orbit representatives of B(s, t, m) under the action of AGL(m)
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classification in dimension 7 and 8

Table: Class numbers of B(s, t,8)

Table: Class numbers of B(s, t,7)
Guli 2z 3 4 5 6 7
0 [3 12 3486 1013-5 10198 1021.9 10222
1|2 8 1800 10131 10195 1021.6 121.9
o | 4 179 10110 1917.3 1019.5 1419.8
3 12 68443 10110 10131 10135
4 12 179 1890 3486
5 4 8 12
6 2 3
7 2

[s\t]1 2 3 4 5 6 7 8 |
1 |2 9 3814830 10270 10%%-5 10929 10°5-3 10°5
2 5 20748 10252 10%2-0 1050.5 1052.9 1053
3 3 10167 10336 1082.0 10445 ;3448
4 009 10167 10252 127.6 1027.9
5 32 20748 3814830 7611801
6 5 9 14
7 2 3
8

2
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Strategy to classify B(5, 6, 8)

| B(5,6,8)
Xg g + f

first reduction

B'(5,6,8)

B(4,5,7) x B(5,6,7)
dimension 84

Reduce # variables

__initial cover set
B(4,5,7) x B(5,6,7)
#Bt = 179 x 228 ~ 2355

uoIoe Siazl|Iqels
UoI3dNPaJ PUOIDS

Bi(5,6,8)

ﬁB — 084
| B(5,6,8) invariant
‘ rezgseﬂta;i(\;;zsset equivalence

To summarize classification

o Determine a cover set of B(5,6,8) of reasonable size
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second cover set

§B! = 3828171
~ 221.9

~

@ Use invariants and equivalence to extract the 20748 classes of §(5,6,8)

Classification of RM(6, 8




First reduction : decrement number of variables

B(s,t, m) intermediate set
T B(s, t, m)
Xmg + h Ul
/ \ Cover Set
Ul
€B(s—1,t—1,m—1) he B(s,t,m—1 _
g e sl oD e flsnmed) B(s,  m)

Bi(s, t, m) the initial cover set
m — 12 acts on B(s, t, m) by

Xm& +h— Xpgos+hos

BT(s,t,m):{xmg—l—h|g€§(s—1,t—1,m—1),h€B(s,t,m—l)}

8BY(s,t,m)=tB(s —1,t —1,m —1) x #B(s, t,m — 1)
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Second reduction : action of stabilizers

° geé(s—l,t—l,m—l)

@ 5 € m— 12 in the stabilizer of g
(gos=g)

e a€ RM(1,m—1)

Q@ xmg+h
Q xng+hos
Q xng+h+ag
are in the same orbit in B(s, t, m)

The h+— hos and h— h+ ag make an action on B(s,t,m —1) J

For each g... 23(g) denotes an orbit representatives set for the action

Bi(s, t, m) the second cover set

Bi(s,t,m) = | ] { xmg +h|heR(g) }
g€B(s—1,t—1,m—1)

ﬁBi(s, t, m) = deg(s—l,t—l,m—l) ﬂm(g)
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Equivalence, invariant, collision

Equivalence f ~ f’

ds € AGL(m) such that

f'=fos mod RM(s—1,m)

An invariant j : B(s,t,m) — X
o frof! = j(f) = j(f')

e j(f) =j(f") and f « f’ ~ collision

Of course f — f is an invariant J
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Lift by derivation

v eFY f e B(m), dy(f)(x) = f(x + v) + f(x).

Derivative of f € B(s, t, m) is an element of B( ,t—1,m

Der, f(x) = f(x+ v) + f(x) mod RM(s — 2, m)

J(f) is the distribution of the values of ]5(;7',
for all v € F7

Class of derivative
F(f)(v) = Der, f J

Action of s = (A, a) € AGL(m) s(x) = A(x)+ a
e f e B(m)
o A € GL(m,2) the linear part of s

o a € 7 the affine part of s
F(fos)=F(f)oA
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Fourier lift

@ Assuming that F(f)(v) € Z

Fourier coefficient

J(f) is the values distribution of F(f) F(f)(b) = ZveF; F(f)(v)(=1)*"

v

In this context

J is more discriminating than J

A* is the adjoint of A € GL (m)
F(f') = F(f) o A < F(f') o A* = F(f)
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Periodic function in B(m)

o Let be f € B(m)

f is v-periodic if Clearly
d,(f)=0 d,(f) is v-periodic
E, a supplementary of v E,ov=F7

the restriction f|g, is a function in m — 1 variables

Lemma (Restriction)

f,g two v-periodic functions in B(m).

ng:>VV€IF£n, f|Eng|Ev

where ~ equivalence in B(m), ~ equivalence in B(m — 1)
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An effective invariant

J(f) value distribution of [F(f)(v)}

L4
Fr Ble _ _ Fr
B(s, t, m) derivate B(s —1,t —1,m)" class B(s — 1,t — 1,m)* 1
f_ [Dery], ey [FI)W) = Dorf] ey |
g|m
ale
o'l <
(Bs—1,t-1,m-1)%] | B(s-lt—1m-1% 1
\ [(Dervf)le.] ey [Fr)(v) = (Dery e ] cpy ’
A
Jeu(f) value distribution of [F,.,(f)(v)] Vet
Invariant J., Derivative restriction class

Jew() is the value distribution of F,,,(f)(v),
for all v € FJ

Foeo(F)(v) = (Der,f)|g,
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Affine equivalence algorithm s = (A, a) € AGL(m)

input
f,f" € B(s,t, m)

|

compute

invariant J

l

test

false

J(F) = J(F)

ltrue

search
A € GL(m,2)
F(f')=F(f)c A
iA candidate
3? a € FY
f'=fo(Aa)

output

undefined false
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Classification of RM(

none A suitable output
f o f

output

true f ~ f



Existence of ac F) incase s =t —1

o f.fin B(t—1,t,m).
e Ac GL(m)
o A(f) ={d,(f) mod RM(t —2,m) |v e F7}

A(f) is a subspace of B(t — 1,t — 1, m) J

Affine equivalence Lemma
There exists a € F7' such that

f'="fo(Aa) mod RM(t —2,m) <= f' o AL + f € A(f)
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Target achieved : 20748 classes of B(5, 6, 8)

v We found a cover set B¥(5,6,8) of size 3828171
V" The invariant J,,, finds 20694 distributions (54 collisions)

v The invariant J,, finds 20742 distributions (6 collisions)
V" The equivalence algorithm detects and solves theses collisions.

Ressources used to extract the 20748 classes of B(5, 6, 8)
@ 40 GB of memory (invariant)

o several weeks of computation (equivalence test)
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Covering radii of Reed-Muller code of length 256

The classification is a milestone to determine
@ covering radius of RM(4,8) into RM(6,8):

@ covering radius of RM(4,8):

p(4,8) =26
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